Elliptic parameters and denning equations 
for elliptic fibrations on a Kummer surface 

Masato Kuwata and Tetsuji Shioda 

Abstract. We pose the problem to determine explicit defining equa- 
tions of various elliptic fibrations on a given K3 surface, and study the 
case of the Kummer surfaces of the product of two elliptic curves. 



1. Introduction 

1.1. Problem setting. Let X be a K3 surface denned over a base field 
k, and let k(X) denote its function field. Suppose / : X — > P 1 is an elliptic 
fibration on X with a section O. Then it defines a non-constant function 
u = f(x) (x G X), and hence an element u £ k(X). We call u the elliptic 
parameter for the elliptic fibration /. (Actually u is unique only up to the 
linear fractional transformations, but to fix the idea, we always choose one 
u. Note that the subfield k{u) of k(X) is uniquely defined by /). 

Now let E denote the generic fiber of /. Then E is an elliptic curve 
defined over k(u) such that the function field k(u)(E) is isomorphic to k(X) 
as the extensions of k. 

Problem 1. Given a K3 surface X/k and an elliptic fibration f, de- 
termine (i) the elliptic parameter u for f , (ii) the defining equation of the 
elliptic curve E/k{u), and (in) the Mordell-Weil lattice (MWL) E(k(u)). 

Problem 2. Given a K3 surface X/k, determine all the (essentially 
distinct) elliptic parameters. 

Problem 2 is a combination of Problem 1 and the following standard 
problem: 

Problem 3. Given a K3 surface X/k, classify the elliptic fibrations 
f : X —* P 1 up to isomorphisms. 
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1.2. Main results. In this paper, we focus on the case of Kummcr 
surfaces X = Km(yl), where A = C\ x C2 is a product of two elliptic curves, 
and assume k is an algebraically closed field of characteristic different from 2. 

In this case, Problem 3 has been solved by Oguiso [8] under the assump- 
tion 

(#) C\,C2 are not isogenous to each other and k = C (the field of 
complex numbers). 

Namely he classifies the configuration of singular fibers on such a Kummer 
surface X into eleven types Jf%, . . . , J^vx, and determines the number of the 
isomorphism classes for each type. 

Our main results can be stated as follows: we solve Problem 1 for each 
type of Oguiso's list (without assuming (#)), and thus solve Problem 2 
under the assumption (#). More details will be given in §1.5 and 1.7 after 
we fix the notation and review some known cases. 

1.3. Notation. By a (— 2)-curve we mean a smooth rational curve on X 
whose self-intersection number is —2. (It is called a "nodal curve" in Oguiso 
[8].) It is known (cf. [4]) that all irreducible components of a reducible fiber 
in an elliptic fibration are (— 2)-curves. 

We have a configuration of twenty-four (— 2)-curves on X, called the 
double Kummer pencil (see Fig. [H cf. [10]). It consists of the 16 exceptional 
curves Aij arising from the minimal resolution X — ► Aj la, plus the 8 curves 
Fi , Gj obtained as the image of Vi x C2 or C\ x v'j under the rational map 
A — > S. Here {v^} (or {v •}) denote the 2-torsion points of C\ (resp. C2) 
£ I = {0,1,2,3}), and la denotes the inversion automorphism of A. 
These curves will be referred to as the basic curves below. 

Suppose that the elliptic curve Cj is defined by the Legendre form 

Ci : yf = Xi(xi - l)(xi - A,) A; / 0, 1. 

We order the 2-torsion points by v\ = (0,0), V2 = (1,0), V3 = (Ai,0), with 
Vo denoting the origin of C\\ similarly for v'j and C2. 

The function field k(X) is equal to the subfield of the function field 
k(A) = k(xi,yi,X2,y2) consisting of the elements invariant under the inver- 
sion (xi, yi,x 2 , 2/2) !-»■ (x 1 ,-yi,x 2 ,-y 2 ), namely we have 

k(X) = k(xi,x 2 ,t), t = —, 

yi 

where xi,x 2 and t are naturally regarded as functions on X, satisfying the 
relation 



(1.1) 



xi(xi - l)(xi - Ai)t 2 = x 2 {x 2 - l){x 2 - A 2 ). 
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^0 F, F 2 F 3 




V V, v 2 v 3 



Figure 1. double Kummer pencil 

1.4. Examples. We start from the most classical and elementary ex- 
ample: 




2 2 2 2 



type l'g at u = °°, 0, 1, X l 

Figure 2. Kummer pencil (type ^4) 

Example 1.1 (Kummer pencils). The projection of A to the first factor 
induces an elliptic fibration tt\ : X — > P 1 with four singular fibers of type 

T*. 

j 
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(see Fig. [2]). This tt\ and the similar 772 (obtained from the second projection) 
are respectively called the first or second Kummer pencil on X. The elliptic 
parameter for 7Ti (or 7^) is obviously given by the function x\ (resp. X2) 
in k(X). (This belongs to type ^4 in [8], and tt\ and 1x2 are the two 
representatives of isomorphism classes, if Ci,C2 are not isogenous.) 

The defining equation of the generic fiber over k{x\) is easily obtained 
(see §2.3), which is isomorphic to the constant curve C2 over the quadratic 
extension k{x\, yi) = k{C\) of k{x\). The Mordell-Weil lattice is isomorphic 
to the lattice Hom(Ci,C2) with norm ip \— > deg((p) up to torsion (see \14\ 
Prop.3.1]). 

The next is the motivating example for studying the elliptic parameters 
and the problems posed in §1.1 in general. 

Example 1.2 (Inose's pencils). Using the twenty-four basic curves, we 
can find two disjoint divisors of Kodaira type IV* . Namely, take the following 
divisors shown in Fig. [3j 

*i = Gi + G 2 + G 3 + 2(4)1 + A02 + A 03 ) + 3F , 
^ 2 = F 1 + F 2 + F 3 + 2(A 10 + A 20 + A 30 ) + 3G , 

There is an elliptic fibration, called Inose 's pencil, having these divisors as 



type IV* 

at « = 



type IV* at u = 00 



Figure 3. Inose's pencil (type ^3) 

the singular fibers over u = and u = 00, as first shown by Inose [3|. The 
elliptic parameter for this is given by the function u = t(= 112/yi) £ k(X), 
and the generic fiber E/k(t) is isomorphic to the cubic curve defined by 
the equation (jl.ip in the projective plane with inhomogeneous coordinates 
x±,X2- (This belongs to type ^3 in |8j.) 
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It should be remarked that Kuwata [6] has succeeded in constructing, by 
the use of Inose's pencil, some elliptic K3 surfaces with high Mordell-Weil 
rank which have an explicit defining equation. For example, the base change 
t = s 3 gives rise to the elliptic curve E/k(s) which has the highest possible 
rank r = 18 (for k = C) provided that C\ and C2 are mutually isogenous 
but non- isomorphic elliptic curves with complex multiplications. We refer 
to Kuwata [6] and Shioda |12j . |14] for more details including the defining 
equation of E in the Weiertrass form as well as the structure of MWL; see 
also §2.2. 

Example 1.3. Besides the Kummer pencils (Example 1.1), the elliptic 
pencil on the Kummer surface X = Km(Ci x C2) which has been studied 
first is perhaps the one introduced in Shioda-Inose [10j . It has IF, Iq, Iq 
as reducible singular fibers (for general values of Ai and A2). This has type 
^9 in [8] (see Fig. LT6j) . Via the base change of degree 2, it gives rise to 
an elliptic K3 surface with two IF fibers, which plays an important role 
in the theory of singular K3 surfaces [10J and which has been reconsidered 
by Morrison [7] in a more general situation. It turns out that the elliptic 
parameter and the defining equation for this type ^9 is the hardest case 
treated in this paper (see §5.3). 

1.5. Results. In the following Table 1, we give a summary of the el- 
liptic parameters and the structure of the MWF for each type to be 
constructed in the subsequent sections. 

The first column shows the type of elliptic fibration following Ogu- 
iso's notation (cf. [8]). The second column shows the configuration of singu- 
lar fibers in the generic case, which means that Ai and A2 are algebraically 
independent elements of k over Qo, where Qo is the prime field in k. The 
third column shows the structure of MWF of the generic fiber E over k(u), 
again in the generic case. The last column gives the elliptic parameter which 
can be used for any Ai, A2(^ 0, 1). 

The explicit form of defining equations should be found in the text, 
since it is not suitable to tabulate here. We note that each of these defining 
equations has coefficients in Qo(Ai, \2)(u), where u is the elliptic parameter. 

We see from the table that the elliptic parameters for J? n for n = 1, 2, 3 
are of the form u = tip(xi,X2) with ip(xi,X2) £ k(xi,X2), while those for 
^ n for n > 3 are contained in k{x\,X2)- 

1.6. Basic strategy of construction. Theoretically, constructing an 
elliptic fibration on a K3 surface is to find a divisor that has the same type 
as a singular fiber in the Kodaira's list (cf. [4] [9]). In practice, however, we 
need to find two divisors, one for the fiber at u = 0, and the other for the 



< 



Type 


Singular fibers 


MWL 


Elliptic parameter tt 




2I 8 + 8Ii 


z 2 ez/2Z 


22 




U + I12 + 8I1 


^[2] 0Z/2Z 


- Ai)(a;i - a; 2 ) 
2:2(2:2 ~ 1) 




2IV* + 8I1 


(^[2]) 2 


t 


^4 


4Io 


(Z/2Z) 2 


x% 


^5 


Ie + 6I2 


(Z/2Z) 2 


(2-1 — 2- 2 ) (A 2 \X\ - Alj + (Al — 1J2 2 J 
(A2X1 — X2)\Xl — Al + (Ai — L)X2) 


^6 


2 n + 4i 2 


(Z/2Z) 2 


Xl 
X 2 


> 


11 + 215 + 211 


Z/2Z 


(22 — A2)(2i — 22 J 
(22 — l)(A 2 2i - 2 2 ) 




in* + 13 + 3i 2 + ii 


Z/2Z 


(22 — A 2 )(2l - 2 2 ) 

A 2 (A 2 - 1)21(21 - 1) 


^9 


II* + 215 + 2h 


{0} 


(22 - A 2 )(2i - 2 2 )(A 2 2i(2i - 1) + (Al - 1)(2 2 - l)(A 2 2l - 2 2 )) 


(22 - l)(A 2 2i - 2 2 )(A 2 2l(2l - 1) + (Ai - 1)(2 2 - A 2 )(2l - 2 2 )) 




Is + IS + 4Ii 


{0} 


(22 - A 2 )(2i -2 2 )((Ai - 1)(2 2 - l)(A 2 2i -2 2 ) + A 2 2i(2i - 1)) 


22(22 - l)(2i - l)(A 2 2i -2 2 ) 




211 + 4Ii 


{0} 


22(22 — A2)(2l - 22) 
21(22 - l)(A 2 2i - 2 2 ) 



Table 1. Results 
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fiber at u = oo, to write down an actual elliptic parameter. This is where 
the difficulty is. 

Once an elliptic parameter is found, we want to find a change of variables 
that converts the defining equation to a Weierstrass form. In most cases we 
encounter an equation of the form y 2 = (quartic polynomial). We then use 
a standard algorithm to transform it to a Weierstrass form (see for example 
Cassels p], or Connell [2]). 

Some elliptic fibrations have nontrivial Mor dell- Weil group. To deter- 
mine the structure of Mordell-Weil lattice, we can use the method in 
since we understand very well the intersection between the section and the 
components of singular fibers. Alternatively, we can compute the height 
pairing using the algorithm in [5] once we establish the conversion to the 
Weierstrass form. Note that and [5] use different normalization of the 
height pairing, and they differ by a multiple of 2. In this article we adopt 
the normalization used in [llj . 



1.7. Remark. Fix a type J? n (n = 1, . . . , 11). As noted in §1.5, each of 
the defining equation of E/k(u) constructed in this paper has the coefficients 
in Qo(Ai, A2)(u), where u is the elliptic parameter, and Ai (resp. A2) is the 
Legendre parameter for C\ (resp. C2). Given Cj, there are in general six 
choices of A.; (i.e., six different level 2-structures on Cj). We have verified 
that, by different choices of Ai or A2, we obtain as many nonisomorphic E's 
belonging to the same type as predicted by Oguiso's result (j8j Table B, 
p. 652]), and thus solved Problem 2 when C\ and CA2 are not isogenous. The 
proof for this will be omitted in this paper, but we write down the results 
in a single special case where we take C\ : y\ = x\ — 1 and C2 '■ y\ = x\ — £2 
(see §6). 

This paper is organized as follows. 



Contents 

1. Introduction [l| 

2. Elliptic parameters for J?$, ^4, and ^% H 

3. More (-2)-curves [13 

4. Elliptic parameters for J>i, ^7, ^8 an d J^w [H 

5. (2,2)-curves and ^5, ^9 and 

6. Full list of the defining equations in a special case 

7. Closing remark [33| 
References 34 
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2. Elliptic parameters for ^3, ^4, and 

In this section we construct elliptic fibrations that have two singular 
fibers consisting only of the twenty-four basic curves. We use combinations 
of the following divisors of typical functions (cf. Examples in §1.4): 

( Xl ) = 2F X + A 10 + A n + A 12 + A 13 - (2F + A 00 + A 01 + A 02 + A 03 ), 
(x 2 ) = 2Gi + A 01 + A u + A 21 + A 31 - (2G + ^00 + A 10 + A 20 + A 30 ), 
(t) = Gt + G 2 + G 3 + 2(A i + A)2 + ^04) + 3F 

- (F 1 + F 2 + F 3 + 2(A 10 + A 20 + ,430) + 3G ). 

2.1. An elliptic parameter for the type ^\ fibration is given by 

tx\ 
x 2 ' 

It is easy to verify that the divisor of u is given by 

(u) = F + F 1 + G 2 + G 3 + A 02 + A 03 + A 12 + A 13 

- (G + Gi + F 2 + F 3 + ^20 + -421 + ^30 + A 31 ), 
which is indicated in Fig. HI Choosing Aqq as the 0-section of the group 



type 1 8 
at u = 



type 1 8 
at u = <x 



Figure 4. J\ 

structure, we obtain the Weierstrass equation of the elliptic fibration 

Y 2 = X 3 + ((Ai - 1) V - 2(Ai + 1)(A 2 + l)u 2 + (A 2 - lf)X 2 + 16AiA 2 u 4 X, 

where the change of variables is given by 

v _ At 2 x\ v _ 4t 2 xf (t 2 Xl {xj - Ai) + x 2 (x\ - A 2 )) 
x — , r — ^ . 

x 2 x% 



ELLIPTIC PARAMETERS 



9 



Its discriminant is given by 

A(«) = 2 12 A 2 A 2 . u s d(u)d(-u), 
where d(u) is a polynomial of degree 4 in u: 

d(u) = (Ai - l) 2 u 4 + 4(Ai - 1) u 3 

- 2(AiA 2 + Ai + A 2 - 3) u 2 + 4(A 2 - 1) u + (A 2 - l) 2 . 

[The discriminant of d(u) vanishes if and only if Ai = A 2 . If Ai = A 2 , the 
elliptic fibration has two I 2 fibers for general Ai.] 

The curve An corresponds to the 2-torsion section T = (0,0). The 
correspondence between the curves and the sections are as follows: 



A 2 2 <- 


+ Pl = 


(4n 2 ,-4n 2 ((Ai-l)u 2 + A 2 


-D) 


A 2 3 <- 


* P 2 = 


(4A 2 u 2 ,-4A 2 n 2 ((A! - l)n 2 


- A 2 + 1)) 


A32 <- 


-> P3 = 


(4Aiu 2 ,4Aiu 2 ((Ai - l)u 2 - 


A 2 + 1)) 


A33 <- 


-» P 4 = 


(4A 1 A 2 n 2 ,4AiA 2 n 2 ((A 1 -l) 


u 2 + A 2 - 1)) 




^ P 5 = 


(4A 2 ,4A 2 ((Ai + l)n 2 -A 2 - 


•1)) 


AlQ <r 


-> P(> = 


(4Aiu 4 ,-4Ain 4 ((Ai + l)n 2 


- A 2 - 1)) 



These sections satisfy the following relations. 

^3 = ^2+ T, P± = Pi+ T, 
P 5 = Pi + P 2 , P 6 = P 5 + T. 

The Mordell-Weil group is generated by T, P\ and P 2 in the general case 
where C\ and C 2 are not isogenous. The height matrix with respect to 
{Pi, P 2 } is shown to be 




2.2. ^3. As we have seen in Example 1.2 (§1.4), 

u = t 

gives an elliptic parameter of type ^3 . We regard (|1.1|) as a cubic curve in 
xi and x 2 with coefficients in k(u) = k(t). We choose (xi,x 2 ) = (0,0) as 
the origin of the group structure. The Weierstrass form is given by 

Y 2 = X 3 + 4(Ai + 1)(A 2 + l)u 2 X 2 

+ 16u 4 ((AiA 2 + l)(Ai + A 2 + 1) - 1)X 

+ 16n 4 ((Ai(Ai - l)u 2 + A 2 (A 2 - l)) 2 + 4A!A 2 (A! + X 2 )u 2 ). 
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(This is relatively simple, but the intermediate calculations are rather com- 
plicated.) The change of variables between two forms of equations is given 
by 



4(A 2 (xi - l)(xi - Ai) + Ai(x 2 - l)(s 2 - A 2 ) - AiA 2 ) t 2 
JC — . 



Y 



XiX 2 

8(x 2 - l)(x 2 - A 2 )(A 2 (Ai + + Ai(A 2 + l)x 2 - AiA 2 ) t 2 

| 4A 1 ((A 1 + l)x 1 -2A 1 )t 4 | 4A 2 ((A 2 + l)x 2 -2A 2 )t 2 

Xl ' X 2 



The discriminant is of the form u 8 d(u), where d{u) is an irreducible poly- 
nomial of degree 8. Besides two IV* fibers, the elliptic fibration has eight 
Ii fibers in the generic case. These eight Ii fibers can degenerate in four 
different ways; 2 I 2 + 4 Ii, 4 I 2 , 4 II or 2 IV. For more detail, see Prop. 5.1 
in [13] . 

There are eight other A^s which define sections; the correspondence 
between these curves and the sections is as follows: 



A 12 <- P 1 = (4n 2 (Afn 2 -A 2 (A 1 + l)), 

-4u 2 (2A?u 4 - Ai(Ai + 1)(2A 2 - l)u 2 + A 2 (A 2 - 1))) 
4u 2 (A 2 u 2 -A|(Ai + l)) 



A 



13 



A 2 2 Pi 
A 2 3 «-► P 5 



A 



\2 
A 2 



±u 2 {2\\u A + AiA 2 (Ai + 1)(A 2 - 2)n 2 - A 4 (A 2 - 1)) 

A| 

A 2 i <-» P 3 = (-4(Ai(A 2 + l)n 2 -A 2 ), 

-4(A x (Ai - l)u 4 - A 2 (A 2 + l)(2Ai - l)u 2 + 2Af)) 
4A!A 2 n 2 , -4u 2 (Ai(Ai - l)u 2 + A 2 (A 2 - 1))) 
4A lU 2 , -4u 2 (Ai(Ai - l)u 2 - A 2 (A 2 - 1))) 
4(A 2 (A 2 + l)u 2 -A 2 ) 



31 ~ Pe ~ . A2 

4(A 4 (Ai - l)n 4 - A 2 A 2 (Ai - 2)(A 2 + l)u 2 - 2X 3 2 ) 

A? 

A 32 <- P 7 = (-4A 2 u 2 ,4n 2 (A 1 (A 1 - l)u 2 - A 2 (A 2 - 1))) 
^33 <- Ps = (-4u 2 ,4u 2 (Ai(Ai - l)u 2 + A 2 (A 2 - 1))) 
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These sections satisfy the following relations: 

P 1= P 5 + P 8 , P 2 = P 4 + P 7 , 
P 3 = P 7 + P 8l p 6=j p 4 + p 5 . 

We can show that P4, Ps, P5, and P7 generate the Mordell-Weil group in the 
generic case. The height matrix with respect to the basis {P4, P$, P5, P7} is 



(1 


2 
3 





0) 


2 
3 


3 














4 
3 


2 
3 


1° 





2 
3 


i) 



This is the direct sum of two copies of Al^], the dual lattice of A% scaled 
by 2. 

2.3. ^4. The elliptic parameter for the fibration tt\ in Example 1.1 is 
given by 

u = Xl, 

while the elliptic parameter for 7T2 is given by u = 22. For tti, the change of 
variables 

X = u{u — — Ai)x2, 

Y = u 2 (u-l) 2 (u- Ai) 2 t, 
converts the equation (jl.ip to 

y 2 = X(X - u{u - l)(u - Ai)) (X - A 2 tt(« - 1)(« - Ai)) . 
The curve Go is the 0-section. Other sections are: 

d <-» T 1 = (0,0), 
G 2 <-» T 2 = («(u-l)(u-Ai),0), 
G 3 ~ r 3 = (A 2 u(u-l)(u-Ai),0). 
Similar results hold for tt2- 

2.4. The divisor of the function 21/22 is given by 

(—) = 2(Fi + A10 + Go) + A 12 + A13 + A 20 + A 30 

- (2(F + An + Gi) + A 02 + A 03 + A 2 i + A31) . 

This is the difference of two disjoint divisors of type I2, and thus 

21 

u = — 

22 
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is an elliptic parameter of type Re- 



type I 2 2 
at u = °o 




== — typei2 

at u = 1 



o r, 

type 15 at u = 



Figure 5. 

In order to write down a Weierstrass equation using the curve F 2 as the 
0-section, we put 

xi{xi - A x )(xi - x 2 )(A 2 xi - x 2 ) 



X 



Y 



(xi — 1)^2 

(Ai - l)tx\{x 1 - Ai)(xi - x 2 )(A 2 xi - x 2 ) 



l)x 5 2 



Then we obtain the Weierstrass equation 



X(X- u(u - l)(A 2 u - Ai)) (X - u{u - Ai)(A 2 u - 1)) . 



Its discriminant is given by 

A(u) = 16u 8 (Ai - 1) 2 (A 2 - l) 2 {u - lf{u - A!) 2 (A 2 n - lf{\ 2 u - Ai) 2 . 

Besides two I2 fibers at u = and 00, there are four I 2 fibers at it = 

1, Ai, I/A2 and Ai/A 2 . This elliptic surface has the following three 2-torsion 
sections: 

F 3 <-» T 1 = (0,0), 

G 2 T 2 = (n(«-Ai)(A 2 u-l),0), 

G 3 ~ T 3 = (u(u-l)(X 2 u-Xi),0), 

Note that A 22 , A 23 , A 32 , and A 33 are components of four I 2 fibers. The 
other components of these four I 2 fibers are new (— 2)-curves not among the 
basic curves, which will be clarified in S3. 2. 
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3. More (— 2)-curves 

In order to describe elliptic parameters for other types, we need more 
(— 2)-curves than the basic curves. When we constructed elliptic parameters 
of type ^6 just above, we obtained some new (— 2)-curves as components of 
I2 fibers. In this section we give a systematic way to obtain such (— 2)-curves. 

For our purpose, it is convenient to regard X = Km(Ci x C2) as a double 
cover of the product of projective lines: P 1 x P 1 = {{x\ : z\), (x2 : ^2)}- Let 
Pi : Ci — > P 1 (i = 1, 2) be the projection given by 

Pi -. a p 1 

(xi : Zi) if Zi ^ 



(1 : 0) if Zi = 



Then the map p\ x p 2 : A = C\ x C 2 — > P 1 x P 1 factors through 7f : A/la — ► 
P 1 x P 1 . Let 7r be the morphism of degree two from X to P 1 x P 1 that 
makes the following diagram commutative: 

X 

TT 

i \ 

A — ► A/la — ► P 1 x P 1 

We denote by Rij the point in P 1 x P 1 that is the image of the exceptional 
curve Aij by n. To obtain more (— 2)-curves, we look for curves in P 1 x P 1 
which lift to a (— 2)-curve via the map ir. 

3.1. (1, l)-curves. Let L be a curve in P 1 x P 1 defined by a bihomo- 
geneous equation of bidegree (1,1): 

ax\X2 + bx\Z2 + CZ1X2 + dziZ2 = 0. 

We call such a curve (1, l)-curve for short. By an abuse of notation, we 
denote the image of and Gi under 7r:S'^P 1 xP 1 by the same letters Fj 
and Gi, respectively. For example, F\ is the curve with the equation x\ = 0, 
and G3 with X2 — X2Z2 = 0, etc. 

Let L be a (1, l)-curve in P 1 x P 1 . Its pullback 7r _1 (L) ramifies at the 
intersection of L and F-i or Gj, except when the intersection point falls on 
Rij = Fi PI Gj. 

Lemma 4. Let L be a (1, l)-curve. Then, 

(1) If L passes three of sixteen Rij 's, then 7r _1 (L) is a curve of genus 0. 

(2) // L passes two out of sixteen Rij's, then ir~ l (L) is a curve of 
genus 1. 
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Proof. In general a (l,l)-curve L intersects with "Y^Fi (resp. Y^Gj) 
at four points. If L passes three of sixteen Rij's, then it intersects with Fi 
one more time and Gj one more time outside Rij. This implies that 7r _1 (L) 
ramifies at two points. By Hurwitz's theorem 7r _1 (L) is a curve of genus 0. 
Similarly, if L passes two out of sixteen Rij's, 7r -1 (L) ramifies at four points, 
and it is a curve of genus 1. □ 

A (1, l)-curve is uniquely determined by a set of three points in a general 
position. If we choose Ri j , Ri 1 j 1 , Ri 2 j 2 so that no two of them are on 
the same Fi or Gj, then they are in general position. Let 13 and j'3 be the 
missing indices. In other words, we choose 13 and j'3 such that {iq, i±, 12, 13} = 
{j0) jii J2 , } = {0, 1, 2, 3}. Under the condition that the two elliptic curves 
C\ and C2 are not isomorphic, the (1, l)-curve passing through Ri j , Ri 1 j 1 , 
and Ri 2 j 2 does not pass Ri 3 j 3 - Thus, choosing Ri j , Ri x j\i Ri 2 j 2 we obtain 
a (1, l)-curve whose pullback by ir is an irreducible (— 2)-curve in X. We 
denote such a (1, l)-curve by Li j 0j i 1 j 1 ^ 2 j 2 , and its pullback by ij io,uii,«2j2- 
There are ninety-six such (— 2)-curves. Also note that £i jo,uji,«2j2 intersects 
twice with each of Ai j , Ai 1 j 1 , and Ai 2 j 2 . 

The (1, l)-curve £00,11,22 passes through Rqq, R\\, i?22- It is given by 
the bihomogeneous equation 22^1 — 21^2 = 0. In the sequel we write it in 
the affine form X2 — x\ = for simplicity. Loo, 11, 22 is denoted by A 44 in 
Oguiso |8j , which appears in the ^2 hbration. We denote it by .B33 to make 
it consistent with our notation, indicating that it intersects with F3 and 
G3 outside ^33. Note, however, that there are six (— 2)-curves of the form 
Li j 0t i 1 j lt i 2 j 2 that intersect with F% and G3. 

Fig. [6] shows the curve -B33 in the afhne space A Xl x A X2 x At. As a 
matter of fact, if we substitute X2 by x\ in (jl.ip . the equation factorizes into 



which implies that the intersection between X2 — x\ =0 and the affine 
Kummer surface (jl.ip has three irreducible components, namely An, A22, 
and B33. We also see that a parametrization of -B33 is given by 



The zero divisor of the function X2 — x\ G k(x±, x%, t) is A\\ + ^22 + -B33, 
while the polar divisor is of the form D\ + D2 + vAqq, where 



21(21 - l)(2it 2 - 21 - i 2 Ai + A 2 ) = 0, 




D x = 2F + A 00 + Aqi + A 02 + A 03 , 
D 2 = 2G + A 00 + Aio + A 20 + A 30 . 
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Figure 6. (-2) -curve -B33 



Since ^4oo intersects twice with the divisor An + A22 + -B33, the intersection 
number Aqq ■ (D\ + D2 + rAoo) must be 2, which implies r = — 1. This shows 

(x 2 - xi) = A u + A 22 + -B33 

- (2F + 2G + A 00 + A i + A 02 + ^03 + A 1Q + A 2 q + A m ). 

This and similar calculations of divisors are used to find the elliptic param- 
eter with a prescribed divisor in §4 and §5. 

3.2. I2 fibers of type fibration. The elliptic parameter u = 
x±/x2, which is of type ^/q, defines a pencil of (1, l)-curves x% — 11x2 = 0. 
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The general fiber of this elliptic fibration is the pullback of a (1, l)-curve 
passing through Rqq and R\\. If X\ — 11x2 = passes through a third Rij, 
then its pullback is a singular fiber (see Fig. [7j). Four fibers of type I2, which 

Xj u = B32 at « = 1/X 2 B 3 3 at u = 1 

B 2 2 at u = 



V x x — ux 2 = 
B 2 3 at h = 



u — 00 



Figure 7. pencil of (1, l)-curves 

are mentioned in §2.4 arise as follows: 

£00,11,23 + ^23 atu=l/A 2 , B 33 + A 22 at u = 1, 

£00,11,33 + ^33 atn = Ai/A2, £00,11,32 + ^32 at it = Ai. 

3.3. Notation. Even though the notation "-B33" is ambiguous as we 
mentioned earlier, it is quite convenient. We thus use the following notation 
in the sequel: 
(3-1) 

£32 = £00,11,23 : ^2%i — X2 = 0, -B33 = £00,11,22 : X\ — X2 = 0, 
-B22 = £00,11,33 : ^2X1 — A1X2 = 0, B23 = £00,11,32 : x\ — \\X2 = 0, . 

Later in §4.3 and §5.2, we introduce more (— 2)-curves of this type, £31, £12 
and -B13. 

4. Elliptic parameters for ^21 J^ii J*?, and Jf\\ 

4.1. ^2- Using £?33 , we can construct an elliptic parameter of type ^2- 
In fact, the divisor 

*2,o = £3 + ^33 + G 3 + £33 
is a divisor of type I4, and it does not intersect with the divisor of type I12 
given by 

1-2,00 = £0 + A)2 + G 2 + A 12 + F ± + A w 

+ G + A 20 + £ 2 + A 2 i +Gi+ A 01 
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(see Fig. [8] below). It turns out that the divisor of the function 

_ t{x\ - \\){xi - x 2 ) 
x 2 (x 2 - 1) 

is ^2,0 — ^2.00, arid it is an elliptic parameter of type a / 2 . Choosing as 



type 1 4 
at u = 



type 1 12 at 11 = 00 



Figure 8. J 2 

the O-section, we obtain the Weierstrass equation 

Y 2 = X 3 + (u 4 + 2 (2AiA 2 - Ai - A 2 + 2) u 2 + (A 2 - Ai) 2 )X 2 

-16AiA 2 (A 1 -l)(A 2 -l)n 2 X, 

where the change of variables is given by 

^ 4Ai(Ai - l)(xi -x 2 )(x 2 - A 2 ) 
xi(xi-l) 

_ 4Ai(Ai - l)(si - x 2 )(x 2 - A 2 )(2xi - 2x 2 - Ai + A 2 ) 

xt(xi - 1) 

4Ai(Ai - l)(xi - x 2 ) 2 (x 2 - A 2 ) 3 (2xix 2 - x 1 - x 2 ) 
t 2 x\(xi — l) 3 

The discriminant of the flbration is of the form u 4 d(u), where d(u) is a 
polynomial of degree 8. The discriminant of d(u) vanishes if and only if 
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The curve ^4o3 corresponds to the 2-torsion section T = (0,0). The 
correspondence between the curves and the sections is as follows: 

A 3l <-> P 1 = (4A 1 A 2 ,4A 1 A 2 (u 2 + A 1 + A 2 ))) 

A 32 ~ P 2 = (4(Aj - 1)(A 2 - 1), 

-4(A 1 -l)(A 2 -l)(u 2 -A 1 -A 2 + 2))) 

A 13 <-> P 3 = (-4u 2 (Ai - 1)(A 2 - 1), 

4(Ai-l)(A 2 -l)n 2 (n 2 + Ai + A 2 ))) 

^23 «-> Pa = (-4A!A 2 n 2 , -4AiA 2 u 2 (u 2 - X 1 - A 2 + 2))) 

These sections satisfy the following relations. 

P 3 = P x + T, P 4 = P 2 + T. 

The Mordell-Weil group is generated by T, P\ and P 2 in the general case 
where C\ and C 2 are not isogenous. The height matrix with respect to 
{Pi,P 2 } is shown to be 

' A 2 
3 3 

2 4 
,3 3, 

Thus the Mordell-Weil lattice is isomorphic to ^4 2 [2]. 

4.2. ^7. Using the curves P33 and P3 2 introduced in §3.31 we can form 
two disjoint divisors of type Iq: 

<&7,0 = 2G 3 + A) 3 + A 13 + ^33 + £33, 

^7,00 = 2G 2 + A 02 + A 12 + A 32 + B 32 . 

Looking for the function whose divisor is ^7,0 — ^7,00, we obtain the elliptic 
parameter 

(4.1) "= i X2 ~un Xl ~ X2) Y 

[X 2 - l)(A 2 Xl - X 2 ) 

The divisor of the function 

(A 2 -1)X 2 (X!-1) 



1 



(x 2 - l)(A 2 xi - x 2 ) 
is given by the following divisor consisting only of the basic curves: 

Ah + A 31 + 2d + 2A 21 + 2P 2 + 2A 20 + 2G + A w + A 30 . 

This is a singular fiber of type I| (see Fig. [9]). Thus, the elliptic parameter 
given by (I4.ip is of type ^7. 
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type 15 2 _^ , 

at w = / / 

type IS 2 ./ ; 

au m = 00 



4. , <L 



-4. 



type I4 au u = 1 



Figure 9. ^7 



The change of variables 

X 2 u(u — l) 2 xi 



X 



X-2 



A 2 (A 2 - l) 2 a;i(xi - l) 2 x 2 (x 2 - A 2 )(xi - x 2 ) 



Y 



A 2 (A 2 



(x 2 - l) 3 (A 2 xi - x 2 ) 3 
l)u 2 (u-l) 2 



t 



A 2 (A 2 - lY( Xl - l) 2 x 2 (x 2 - A 2 ) 2 (x! - X2 y 



t(x 2 -l) 4 (A 2 xi-x 2 ) 4 

converts (jl.ip to the Weierstrass equation 

Y 2 = X 3 - u{u - l)((AiA 2 + l)u - Ai - A 2 )X 2 + AiA 2 u 2 (u - 1) 4 X 

Its discriminant is of the form u e (u — l) 10 d(u), where d(u) is a polynomial 
of degree 2. 

Generically, it has only one section other than 0-section: 

F 2 T=(0,0). 

4.3. J?%. To find an elliptic parameter of type , we need to construct 
a fiber. For this, we can make use of -B33 once again. The divisor 

# 8)0 = An + M 2 + 2F + 2A m + 2G 3 + A 33 + ^33 

is of type I| and it does not intersect with the divisor 

*s,oo = A 12 + 2Fx + 3A 10 + 4E + 3A 20 + 2F 2 + A n + 2A 30 , 
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which is of type III*. We look for a function whose divisor is ^8,0 — ^8, 
and we obtain the elliptic parameter of type 

(x 2 - A 2 )(xi - x 2 ) 

u = . 

A 2 (A 2 - l)xi(xi - 1) ' 




Figure 10. J% 

Let .B31 be the (— 2)-curve £00,13,22 : (A 2 — 1)^1 + x 2 — A 2 = 0. Then 
B32 and i?3i form a fiber of type I 2 at u = 1. Also ^3 2 and the pullback of 
a certain (2, 2)-curve form another fiber of type I 2 at u = l/(AiA 2 ), while 
A31 together with the pullback of a certain (2, 2)-curve form the third fiber 
of type I 2 at u = (Ai — 1) _1 (A 2 — 1) . The change of variables 

(X2 - l)(A 2 Xi - x 2 ) 



X = u((\x - 1)(X 2 - l)u-l) 



Y = _n 3 ((A 1 -l)(A 2 -l) u -l) 



(A 2 -1)X 2 (X!-1) ' 

A 2 (x 2 - l)(A 2 xi - x 2 ) 



tx 2 (x\ - 1) 
converts to the Weierstrass equation 

Y 2 = X 3 - n((2AiA 2 - Ai - A 2 + 2)u - 2)X 2 

- u 2 (u - l)(AiA 2 n - l)((Ai - 1)(A 2 - l)u - l)X. 

Its discriminant is 

A(u) = 16u s (u - l) 2 (AiA 2 u - l) 2 ((Ai - 1)(A 2 - l)u - l) 2 

x (4A 1 A 2 (A 1 - 1)(A 2 - l)u + (Ax - A 2 ) 2 ). 
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[If A2 = — Ai, 2 — A2, or Ai/(2Ai — 1), this elliptic fibration has fiber of type 
III for general Ai.] 

Generically, it has only one section other than 0-section: 



G 2 T=(0,0). 



4.4. ^11. Modifying the divisors appearing in the type ^7 fibration 
we constructed in §4.2, we form two divisors 

* 11,0 = M + A 2 i + 2Gi + 2A i + 2F + 2A 03 + 2G 3 + ^33 + £33, 
*ii,oo = ^30 + A 20 + 2G + 2A l0 + 2Fi + 2A l2 + 2G 2 + A 32 + B 32 . 

They are of type I4 and they do not intersect with each other. 



type IH 2 . 
at u = 



2 2 Q 

type I4 at u = °° 



Figure 11. J\\ 



We look for a function whose divisor is ^11,0 — ^11,00 1 and we obtain the 
elliptic parameter of type 

x 2 (x 2 - A 2 )(xi - x 2 ) 

VL = . 

xi(x 2 - l)(X 2 x 1 - x 2 )' 
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The change of variables 

(Ai - l)(x 2 - A 2 )(ici -x 2 ) 

X = U r 

X\[Xl - 1) 

__ (Ai - 1) x 2 (x 2 - X 2 ) 2 (x 1 - x 2 ) 2 
x\{xi - l){x 2 - l){\ 2 Xi - x 2 ) ' 
Y _ u2 (Ai-l)(x 2 -A 2 ) 2 (x 1 -x 2 ) 2 
t x\{xi — l) 2 
(Ai - 1) x\[x 2 - A 2 ) 4 (xi - x 2 ) 4 
tx\{x\ - l) 2 (x 2 - l) 2 (A 2 xi - x 2 ) 2 
converts to the Weierstrass equation 

Y 2 = X 3 + (Aiu 2 - (2AiA 2 - Ai - A 2 + 2)u + A 2 ) uX 2 

+ (Ai - 1)(A 2 - l)((AiA 2 + l)u - 2A 2 ) u 3 X + A 2 (A X - 1) 2 (A 2 - l) 2 u\ 

Its discriminant is of the form u 10 d(u), where d(u) is a polynomial of de- 
gree 4. The discriminant of d(u) is too complicated to write down here. 
However, a simple search reveals that there are cases where four Ii fibers 
degenerate even when C\ and C 2 are not isogenous. 

Remark. Suppose that the characteristic of the base field is 0. 

(1) If Ai = -1 and A 2 = 9 ± Ay/h, then the fibrat ion has one I 2 fiber 
and one type II fiber. In this case j-invariant of C\ is 1728 and that of C 2 
is 78608 = 2 4 17 3 . They are not isogenous, and they can be defined over Q. 

(2) If Ai = —1 and A 2 = then the fibration has two type II 
fibers. In this case j-invariant of C\ is 1728 and that of C 2 is 128. They are 
not isogenous, and they can be defined over Q. 

5. (2,2)-curves and f b , f 9 and J 1Q 

5.1. (2, 2)-curves. Now the pullbacks of (1, l)-curves are not enough 
to construct all the elliptic fibrations in Oguiso's list. A pullback of a (2, 2)- 
curve is a candidate for missing (— 2)-curves. A nonsingular (2, 2)-curve in 
P 1 x P 1 is a curve of genus 1, and thus, we first look for (2, 2)-curves with 
a node. Then we try to impose conditions such that their pullbacks are 
(— 2)-curves. Here, we do not try to make a systematic search as before. 

Actually, we can construct an elliptic fibration of type ^5 using only 
pullbacks of (l,l)-curves and the basic curves. As a by-product, however, 
we obtain some new (— 2)-curves which are pullbacks of (2, 2)-curves. Such 
curves have a node at R\\. They are given by an equation of the form 

ax 2 z 2 + bx 2 x\z 2 z\ + cx\z\ + dx\z\z\ + e x 2 z 2 z\ + / z\z\ = 0. 

The fact that it has a node at R\\ corresponds to the fact that the equation 
does not have the terms x 2 x 2 , x 2 x 2 z 2 , and xizix 2 . In order to obtain such 
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a (2, 2)-curve, we need to specify six points among Rij (1 < i,j < 4) such 
that no three among them are on the same F{ or Gj . We use such curves to 
construct an elliptic fibration of type ^9 and ^10 ■ 

5.2. ^5. An elliptic fibration of type ^5 has six I2 fibers together with 
one Ig fiber. In order to write down an elliptic parameter for ^5, we need 
to identify these six I2 fibers. 

Let B33 and B32 be the (— 2)-curves introduced in §3.31 Consider two 
more (— 2)-curves of this type: 

B12 ■= £00,23,31 : A 2 (xi - Ai) + (Ai - l)x 2 = 0, 

B13 ■= £00,22,31 :x 1 -Xi + (Ai - l)x 2 = 0. 

Looking at Fig. [T2l we see that B33 and B\ 2 intersect each other only 
at two points above the intersection of lines x\ — x 2 = and A2(xi — Ai) + 
(Ai — l)x 2 = 0. Thus, the divisor .B33 + B\ 2 is a singular fiber of type 
I 2 . Similarly, S32 + -B13 is another singular fiber of type I2. Furthermore, 
.B33 + B\ 2 and -B32 + B13 do not intersect each other since the image of these 
curves in A Xl x A X2 intersect only at Rij (see Fig. [121 below). 




1 A,] 



Figure 12. (l,l)-curves 

Computing the divisors (x± — x 2 ), (X 2 (xi — Ai) + (Ai — 1)22), (X 2 xi—x 2 ) 
and (xi — Ai + (Ai — 1)2:2) > we see that 

(x\ - x 2 )(\ 2 (xi - Ai) + (Ai - l)x 2 ) 

u = — -. ^~ 

(A 2 xi - x 2 )\x\ - Ai + (Ai - l)x 2 ) 

is an elliptic parameter of type ^5. We have 

-Ai(A 2 - l)x 2 (xi - 1) 



u- 1 



{\ 2 xi - x 2 )(xi - Ai + (Ai - l)x 2 ) 
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which shows that the fiber at u = 1 is a singular fiber of type Ig. Each of 

type I 2 at u = °° 

T 2 



type 1 6 

at u=l 



2 O 2 T x 

Figure 13. J* 

the divisors A\2, -Ai3, ^.32 and ^33 is a component of a singular fiber of type 
I 2 . The other (— 2)-curves are pullbacks of (2, 2)-curves. For example, the 
singular fiber at u = AiA 2 — Ai + 1 consists of A12 and the pullback of the 
(2, 2)-curve given by 

X 2 xi(xi - 1) + (Ai - l)(a?a - l)(A2a?i - x 2 ) = 0. 

In order to obtain a Weierstrass equation using the curve Go as the 
0-section, we first put 

x _ (xi - x 2 )(xi - Ai) 

x 1 ((x 1 - Ai) + (Ai - l)x 2 ) ' 
_ Ai(Ai - l)tx 2 {xi - l)(xi - Ai)(x 2 - xi) 
x 1 (X 2 x 1 - x 2 )((x 1 - Ai) + (Ai - l)x 2 ) 2 

and then put 

X = Ai(A 2 - 1)(« - l)(n - A!A 2 + Ai — l)((AiA 2 - X 1 - X 2 )u + A 2 )X , 
Y = Xj(X 2 - lf{u - lf{u - AiA 2 + Ai - l)((AiA 2 - Ai - A 2 )n + A 2 )y - 
Then (X, Y) satisfy the Weierstrass equation 

Y 2 = X(X - a)(X - 0), 

where 

a = -Ai(A 2 - 1)(« - l)((AiA 2 - l)u - Ai + l) ((AiA 2 - Ai - A 2 )n + A 2 ), 
= Ax(A 2 - l)u(u - l)(n - A X A 2 + Ax - l)((AxA 2 - X 2 )u - X 1 + A 2 ). 
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The discriminant of this fibration is given by 

A(u) = 16A?A^(Ai - 1) V(u - l) 12 

x(u- AiA 2 + Ai - l) 2 ((AiA 2 - l)u - Ai + l) 2 

x ((AiA 2 - A 2 )u - Ai + A 2 ) 2 ((AiA 2 - Ai - A 2 )u + A 2 ) 2 . 

The Mordell-Weil group of this elliptic surface has the following three 
sections: 

F 3 <-» T 1 = (0,0), 

G 2 ~ T 2 = (a,0), 

G 3 <-» T 3 = (/3,0). 

5.3. ^g. In order to construct an elliptic fibration of type ^9, we need 
to find a divisor of type Ig different from the ones appearing in ^4 or ^7. 
To do so we look for a (— 2)-curve P33 such that 2G3 + Aq 3 + ^33 + .B33 + P33 
is of type Ig. We can show that P33 cannot be a pullback of a (1, l)-curve; if 
that were the case, -B33 and P33 would have to intersect each other. Thus, 
we look for a (2, 2)-curve whose double cover serves as P33. 

P 33 : X 2 x l (x l -l) + (X l -l)(x 2 -l)(X 2 x l -x 2 ) = 




B 33 : x 1 -x 2 = 



Figure 14. fiber at u = 

It turns out that the pullback of the (2, 2)-curve 

(5.1) \2Xi{ Xl - 1) + (Ai - l)(s 2 - l)(A 2 xi - x 2 ) = 

can be used as P33. This curve is a component of a I 2 fiber of the elliptic 
fibration of type ^5 which we constructed in the previous subsection. The 

(2.2) -curve (|5.1|) has a node at i?00) and passes through R%i, i?i 2 , i? 22 , R23, 
and R31. Fig. [14] shows the projection of the (— 2)-curves contained in the 
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divisor ^ 9i0 = 2G 3 + A 03 + A 33 + B 33 + P 33 . (The projection of A 03 is R 03 , 
which is a point at infinity.) 

Similarly, let P 32 be the pullback of the (2, 2)-curve 

A2X1O1 - 1) + (Ai - l)(x 2 - A 2 )(a;i - x 2 ) = 0. 

Then, the divisor ^ 9)00 = 2G 2 + A 02 + A 32 + -B32 + -P32 is again of type Ig, 
which does not intersect with VPgo- Fig- [151 shows the curves contained in 
the divisor ^9,00 • Looking for the function having the divisor ^90 — ^9,00, 



*2 




f B 32- x 2~ 


X 2 x i = 






P 32 : ^(J,- 
f 


l) + (k l -l)(x 2 -'k 2 )(x l -x 2 ) = 



















Figure 15. fiber at u = 00 

we find the elliptic parameter u given by 
(5.2) 

_ {x 2 - M){xi - x 2 )(A 2 xi(xi - 1) + (Ai - l)(x 2 - l)(A 2 xi - x 2 )) 
(x 2 - l)(A 2 xi - x 2 )(\ 2 xi(xi - 1) + (Ai - l){x 2 - \ 2 )(xi - x 2 )) 

We have 
u-l = 

-A 2 (A 2 - l)x!X 2 {xi - l) 2 

(x 2 - l)(A 2 xi - x 2 )(X 2 x 1 (x 1 - 1) + (Ai - l)(x 2 - A 2 )(xi - x 2 )) 

The zero divisor of this function u — 1 is given by the following divisor 
consisting only of the basic curves: 

A i + 2Gi + 3^2i + AF 2 + 5A 20 + 6G + 3^ 3 o + ^A 10 + 2F X . 

This is a singular fiber of type II* (see Fig. I16p. Thus, the elliptic parameter 
given by (15. 2p is of type ^9. 

Our next task is to write down a Weierstrass equation. If we regard (|5.2p 
as the defining equation of a curve in P 1 xP 1 defined over k(u), then we can 
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type IS 2 . 

at u = 

typ ei ;i 2 - 

at u = <x> 



type II* at u = 1 



Figure 16. # 9 



show that this curve is a curve of genus 0, and thus it can be parametrized. 
In fact, we can parametrize x\ and x% satisfying (|5.2p using the parameter 

^ _ (g2 ~ l)(A 2 xi - x 2 ) 
A 2 xix 2 

Actual parametrizations of x\ and x 2 are complicated and we omit here. 
Substituting x\ and x 2 in the equation (11. ip by these parametrizations, we 
obtain an equation of a curve of genus 1 with variables in (£, i) defined over 
/c(u). This equation turns out to be a quadratic equation in t, and it is 
easily converted to a Weierstrass equation. Combining all these, we obtain 
the change of variables 



A 2 (A 2 - l)xi(xi - 1) 



A 2 (A 2 



1) 



(x 2 - l)(A 2 xi -x 2 ) ' t 
that converts (jl.ip to a twisted form of Weierstrass equation 



u{u-l)Yj 



X$ + (AiAa - 2Ai - 2A 2 + l)(u - 1)X 2 
- (Ai + A 2 - l)(AiA 2 - Ai - A 2 )(u 

-AiA 2 (Ai-l)(A 2 -l)(u-l) 2 . 



1) 2 X 



By letting 

X = u(u-l)X , Y = u 2 (u - 1) 2 Y , 
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we obtain the following Weierstrass equation: 

Y 2 = X 3 + (AiA 2 - 2Ai - 2A 2 + 1) u (u - l) 2 X 2 

- (Ai + A 2 - l)(AiA 2 - Ai - A 2 ) u 2 (u - l) 4 X 

- AiA 2 (Ai - 1)(A 2 - 1) u 3 (u - l) 5 . 

Its discriminant is of the form vfi(u — l) 10 (f(u), where d(u) is a polynomial 
of degree 2. The discriminant of d(u) is given by 

16A 2 A 2 (A! - 1) 2 (A 2 - 1) 2 (A 2 - Ai + 1) 3 (A 2 - A 2 + l) 3 . 

If either Ai or A 2 is a sixth root of unity, then two Ii fibers of the fibration 
degenerate to form a type II fiber. 

5.4. J^iQ- In order to construct an elliptic fibration of type J^io, we 
must find yet another divisor of type Iq. The divisor = 2G3 + Aq 3 + 
^33 + i?33 + P33 is a divisor of type Iq appearing in the elliptic fibration 
constructed in the previous subsection. Since neither .B33 nor P33 intersects 
with A13, we see that 

*io,o = 2G 3 + A n + A 33 + S33 + P 33 

is also a divisor of type Iq. We then find a divisor of type Ig that does not 
intersect with ^in^ 

*io,oo = B 32 + A 32 + 2G 2 + 2A 02 + 2F + 2A i 

+ 2Gi + 2A 21 + 2F 2 + 2^20 + 2G + A 10 + A 30 

(see Fig JTT]) . Looking for the function having the divisor ^10,0 — ^10,00 we 

find the elliptic parameter of type given by 

(5.3) 

(sg 2 - A 2 )(xi - x 2 )((Ai - l)(x 2 - l)(A 2 xi - x 2 ) + A 2 xi(xi - 1)) 

11 — . — t 

x 2 (x 2 - l)(a?i - l)(A 2 Xl - x 2 ) 

The curve in P 1 x P 1 over k(u) defined by (|5.3p is a curve of genus 0. As 
in the case of ^9, the parameter 

^ _ (xi - x 2 )(x 2 - A 2 ) 
(xi - l)x 2 

can be used to parametrize this curve. We can proceed in a similar manner 
to the case of ^9 and we obtain the change of variables 

Ai(Ai - l)(x 2 - l)(A 2 xi - x 2 ) 



X 



xi(xi-l) 
Ai(Ai-l)(x 2 -l) 2 (A 2 xi-x 2 ) 2 
tx\(x\ - l) 2 
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type IS 2 . 
at u-0 



B 



o 2 

type V b at u = °° 



Figure 17. 



which converts (jl.ip to 

uYi = Xl-{u + \ 1 + \ 2 - l)(u - AiA 2 + Ai + \ 2 )Xl 

+ AiA 2 (Ai - 1)(A 2 - l)(2u - AiA 2 + 2Ai + 2A 2 - 1)X 

+ A 2 A 2 (A 1 -1) 2 (A 1 -1) 2 . 

Putting 

X = uX , Y = u 2 Y , 
we obtain the Weierstrass equation 

Y 2 = X 3 + u{u - Ai - A 2 + l)(u + AiA 2 - A x - A 2 )X 2 

+ AiA 2 (Ai - 1)(A 2 - l)n 2 (2n + A X A 2 - 2Ai - 2A 2 + l)X 

+ A 2 A 2 (A 1 -1) 2 (A 1 -1)V. 

Its discriminant is of the form u e d(u), where d{u) is a polynomial of degree 2. 
We can show that d(u) can have a multiple root without C\ and C 2 being 
isogenous. 

6. Full list of the denning equations in a special case 

In this section, we take as C\ and C 2 the most familiar elliptic curves 

(6.1) Ci : y\ = x\ - x x , C 2 : y 2 2 = x\ - I, 

and write down the full list of the defining equations of mutually noniso- 
morphic elliptic fibrations on the Kummer surface S = Km(Ci x C 2 ) in 
characteristic 0. Although they are very special among elliptic curves (e.g. 
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automorphisms or complex multiplications), corrseponding Kummer surface 
S serves as a more or less "typical" case, since Ci,C% are not isogenous to 
each other. 

In this case, the number iV(n) of nonisomorphic elliptic fibrations on S 
of type ^ n has been determined by Oguiso as follows: 

JV(n) = l for n = 2,3,5,8,9,10, 

and 

N(n) = 2 for n = 1,4,6,7,11. 

(See Oguiso [H p. 652]. We note that this number N is not typical among 
all non- isogenous curves, as shown there.) 

Now observe that the values of Legendre parameter Aj for the present 
Cj are as follows: 

Ai = — 1, —2 or 1/2, A2 = — to or — uj 2 , 

where uj is a cubic root of unity. In the following, we write down the N = 
N(n) defining equations for each type J? n . When N = 1, we give essentially 
the same equation as the one constructed in the previous sections, except 
that we make some coordinate change when it makes the equation look 
simpler. When N > 1, we make the same construction as before using a 
suitable equivalent value of Aj. We briefly indicate how to verify that the 
resulting defining equations are not isomorphic to each other. 

6.1. J X . 

(6.2) y 2 = x (x 2 + (u 4 + l)x + 4u 4 ) , 

1 (u 8 - 10tt 4 + l) 3 
~ 108 u 8 {u 8 - Uu 4 + 1)' 

(6.3) y 2 = x(x 2 + (n 4 + 6(2cj + l)u 2 + l)x - 32u 4 ) , 

1 (u 8 + 12(2w + l)u 6 - 10u 4 + 12(2w + l)u 2 + l) 3 
~ 6912 u 8 (u 8 + 12(2w + l)u 6 + 22u A + 12(2w + l)u 2 + l) ' 

Both the equations (|6.2p and (|6.3p have two Is fibers at u = and 00 and 
eight Ii fibers. Suppose they define isomorphic elliptic curves over k(u). 
Then there must be a linear transformation of u fixing and 00 which sends 
one J into the other, J denoting the classical absolute invariant of the generic 
fibre (normalized so that J = 1 for y 2 = x 3 — x). But this is impossible, 
as the positions of the eight Ii fibers are determined by the simple poles of 
J and they cannot be transformed by such a linear transformation. This 
proves that the two elliptic fibrations are not isomorphic to each other. 
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6.2. J*. 

(6.4) y 2 = x(x 2 - (3u 4 + 6u 2 - l)x + 32u 6 ), 

1 (9u 8 - 60u 6 + 30u 4 - I2u 2 + l) 3 



J 



6912 tt 12 (u 4 - 10u 2 + l)(9u 4 - 2u 2 + 1) ' 

6.3. J 3 . 

(6.5) y 2 = x 3 + u 4 (u 4 + 1), J = 0. 

6.4. ^4- 

(6.6) y 2 = x 3 - (u 3 - l) 2 x, (u = xi), J = 1. 

(6.7) y 2 = x 3 - (w 3 - v) 3 , (u = x 2 ), J = 0. 

These are the two obvious elliptic fibrations on S induced by the projections 
C x x C 2 -> Ci or C 2 . 

6.5. ^5. 

(6.8) i/ 2 = x(x-4)(x + 2u(ti 2 + 3u + 3)). 

1 (u 6 + 6u 5 + 15u 4 + 20u 3 + 15u 2 + 6u + 4) 3 
27 u 2 (u + 2) 2 (u 2 + u+l) 2 (u 2 + 3-u + 3) 2 ' 

6.6. ^e. 

(6.9) y 2 = x(x + 2u 2 )(x-ii(u 2 -u + l)), 

_ 1 (u 4 + 5u 2 + l) 3 
27u 2 (u 4 + u 2 + l) 2 ' 

(6.10) y 2 = x(x- uju 2 )(x + u(2u- l)(u + u 2 )), 

4 w(2u 2 - (u + 2)u - u 2 ) 3 (2u 2 - 2(uj + 2)u - u 2 f 
J ~ 27 u 2 (u - l) 2 (2u - l) 2 (u + lu 2 ) 2 (2u + oj 2 ) 2 ' 

The Legendre parameters we employed for the first equation (|6.9p are Ai = 
— u>,\2 = —1, while those for the second one (|6.1(J|) are Ai = — iv,\2 = 
2. That the two equations define nonisomorphic elliptic fibrations can be 
checked in the same way as the case for Jf\ above. 
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6.7. >. 

(6.11) y 2 = x(x 2 - u{u + l)(u + 2)x + u 2 (u + 2) 2 ), 

_ 4 (u 2 + 2u- 2) 3 
~ 27 (u- 1)(u + 3)' 



(6.12) y 2 = x(x 2 + cuu(u- l)(u - 3u - 2)x + 2u 2 u 2 (u - l) 2 ). 

_ 1 (u 2 - 2(3w + 2)« + 3cu - ll) 3 

~ 27 (u 2 - 2(3cj + 2)u + 3u - 13) ' 
In this case, we can check that there is a linear transformation of u sending 
the first J into the second one. However it does not preserve the position of 
singular fibres which can be seen from the discriminants (but not from the 
absolute invariants). Hence (|6,lip and (|6.12p are not isomorphic. 

6.8. J? % . 

(6.13) y 2 = x(x 2 + u(3u + 2)x + u 2 (l + 3u + 3ti 2 + 2u 3 )), 

4 (6u 3 -3u-l) 3 
~ 27 u 2 (2u + l) 2 (u 2 + u + l) 2 (8u + 3) ' 

6.9. / 9 . 

(6.14) y 2 = x 3 + u(u 2 - if , J = 0. 

6.10. Jw. 

(6.15) y 2 = x 3 + u 2 (u + 3)x 2 + n 2 (-2u 2 - 2u + 3)x + n 4 (u - 1). 
We omit J. 

6.11. 

(6.16) y 2 = x 3 - 27u 2 (n 4 + 6n 3 + 5n 2 - 6n + l)x 

- 54u 3 (n 2 + l)(n 4 + 9u 3 + 20n 2 - 9u + 1). 

(6.17) y 2 = x 3 - 27u 2 (4-u 4 - 12u 3 + 10(w + l)u 2 - 6uju + u)x 

+ 27u 3 (l6u 6 - 72n 5 + 6(19 + 10uj)u 4 

- 63(1 + 2u)u 3 + 3(-9 + 10uj)u 2 + 18u - 2) . 

We omit J, but it can be checked that the two elliptic fibrations are not 
isomorphic to each other by a similar argument as before. 

Thus we have listed the defining equations of elliptic fibrations (with a 
section) on the Kummer surface S = Km(Ci x C2) with Cj given by (6.1) 
over an algebraically closed field k of characteristic 0. Needless to say that 
the function field k(x, y, u) defined by each of the equations (6.2) through 
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(6.17) is isomorphic to one and the same function field k(S), which is the 
extension k(xi,X2,t) with t = y\jy% determined by (6.1). 

7. Closing remark 

In closing this paper, it should be remarked that the problems posed 
in the Introduction (§1.1) should be interesting and worth considering for 
more general K3 surfaces. 

Even in the case of Kummer surfaces, we could ask such questions as 
follows: 

Problem 5. Study Problems 1 and 2 for the Kummer surface X = 
Km(i), when A is the Jacobian variety of a genus two curve. 

For this, the so-called 166-configuration of thirty-two (— 2)-curves on X 
should play an important role in place of the twenty-four basic curves used 
in this paper. A special case has been treated in Shioda [13J. 

According to Weil [15] . a principally polarized abelian surface is either 
the Jacobian variety of a genus two curve or a product of two elliptic curves. 
Beyond the case of principally polarized abelian surfaces, we ask: 

Problem 6. Find at least one elliptic parameter for the Kummer surface 
X = Km(i) when A is a generic member in a family of polarized abelian 
surfaces. 

The coefficients in the defining equation (especially the discriminant) for 
such should be related to some modular forms or theta- functions of interest. 
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